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Abstract. We present a general theory to obtain linear network codes utilizing forms and obtain explicit families of equidimensional vector spaces, in which any pair of distinct vector spaces intersect in the same small dimension. The theory is inspired by the methods of the author utilizing the osculating spaces of Veronese varieties.
Linear network coding transmits information in terms of a basis of a vector space and the information is received as a basis of a possibly altered vector space. Ralf Koetter and Frank R. Kschischang introduced a metric on the set af vector spaces and showed that a minimal distance decoder for this metric achieves correct decoding if the dimension of the intersection of the transmitted and received vector space is sufficiently large.
The vector spaces in our construction are equidistant in the above metric and the distance between any pair of vector spaces is large making them suitable for linear network coding.
The parameters of the resulting linear network codes are determined.
Notation.
• F q is the finite field with q elements of characteristic p.
• F = F q is an algebraic closure of F q .
•
1. Introduction 1.1. Linear network coding. In linear network coding transmission is obtained by transmitting a number of packets into the network and each packet is regarded as a vector of length N over a finite field F q . The packets travel the network through intermediate nodes, each forwarding F q -linear combinations of the packets it has available. Eventually the receiver tries to infer the originally transmitted packages from the packets that are recieved, see [CWJJ03] 
where
The size of the code C ⊆ G(l, N)(F q ) is denoted by |C| and the minimal distance by
The linear network code C is said to be of type
.
Ralf Koetter and Frank R. Kschischang showed that a minimal distance decoder for this metric achieves correct decoding if the dimension of the intersection of the transmitted and received vector-space is sufficiently large. Also they obtained Hamming, Gilbert-Varshamov and Singleton coding bounds.
Explicit construction of linear network codes from normalized homogenous polynomials
Let N (e) be the normalized homogenous polynomials over F q of degree e in X 0 , . . . , X n corresponding to monic polynomials in the single variable case. Specifically, N (e) = F q [X 0 , . . . , X n ] e / ∼, where F 1 ∼ F 2 iff F 1 = cF 2 for some constant c ∈ F * q . Let I(e) ⊆ N (e) be the irreducible normalized homogenous polynomials.
For any subset B ⊆ F q [X 0 , . . . , X n ] e / ∼ of normalized homogenous polynomials of degree e, we define the linear network code C B as a collection of F q -linear subspaces V G , one for each G ∈ B, in the vector space of all homogenous forms of degree d .
e / ∼ be a normalized homogenous polynomial in X 0 , . . . , X n of degree e with coefficients in F q . Assume that G = 0.
Let d ≥ e and consider the F q -linear injective morphism
with image
which is a F q -linear subspace of dimension l = n+d−e n in the ambient vector space of dimension N = n+d n . For any subset B ⊆ F q [X 0 , . . . , X n ] e / ∼ of normalized homogenous polynomials of degree e, the linear network code C B ⊆ G(l, N)(F q ) consists of all the linear subspaces in the vector space F q [X 0 , . . . , X n ] d of homogenous forms of degree d with d ≥ e, that are realized as images (4) for some G ∈ B.
(5)
In [Han12] we studied the resulting linear network codes C B , when B is the set of normalized homogenous polynomials which are powers of linear terms, see Corollary 5. This amounted to the study of the osculating spaces of Veronese varieties.
In the present paper we present the resulting linear network codes C B ⊆ G(l, N)(F q ), when B more generally is any set of normalized homogenous polynomials in F q [X 0 , . . . , X n ] e / ∼, where each pair of unequal polynomials has the constants as their only common divisors generalising the above result. In particular we treat the case where B is the set of all irreducible normalized polynomials, see Corollary 4. The elements in the code are equidistant in the metric dist(V 1 , V 2 ) of (1) of Section 1.1. Let V 1 , V 2 ∈ C B be vector spaces with V 1 = V 2 .
If d − e < e, then dim Fq (V 1 ∩ V 2 ) = 0 and
Proof. The morphism in (3) maps injectively to the F q -vectorspace
By unique factorization this implies that G 1 divides F 2 and there is a unique K ∈ F q [X 0 , . . . , X n ] d−2e such that
If deg F 2 = d − e < e = deg G 1 , this is impossible and V G 1 ∩ V G 2 = 0 proving (6) by the definition of the metric in (1).
If deg
proving (7) by the definition of the metric in (1).
2.1. The case when B is the set of all irreducible normalized polynomials. Let N (e) = F q [X 0 , . . . , X n ] e / ∼ be the normalized homogenous polynomials of degree e. As F q [X 0 , . . . , X n ] e is a vector space af dimension n+e n over F q , we have the following formula for the number N(e) of normalized homogenous polynomials of degree e: Let I(e) ⊆ N (e) be the irreducible normalized homogenous polynomials and let I(e) := |I(e)| be their number.
The number af products of a i elements from I(i) is
. Using unique factorisation in F q [X 0 , . . . , X n ], we get that 
Similar expressions in the non-homogenous case are obtained in [Bod08] , [HM09] , [Car65] and [Car63] . The same rekursive method permits to construct the elements in I(e) in the present case.
Corollary 4. Let I ⊂ F q [X 0 , . . . , X n ] e / ∼ be the set of all irreducible normalized homogenous polynomials of degree e. The elements in the code are equidistant in the metric dist(V 1 , V 2 ) of (1) of Section 1.1. Let V 1 , V 2 ∈ C B be vector spaces with V 1 = V 2 .
Parameters for the linear network codes C I(e) ⊆ G(l, N)(F 2 ) constructed from F 2 [X 0 , X 1 , X 2 ] are given in Table 1 for d = 1, 2, . . . , 10 and e = 1, 2, . . . , 5.
2.2. The case when B is the set of powers of linear normalized polynomials. In [Han12] we studied the resulting linear network codes C B , when B is the set of normalized homogenous polynomials which are powers of linear terms. This amounted to the study of the osculating spaces of Veronese varieties.
Let L(e) ⊆ N (e) be the set of e-fold powers of normalized homoge- of elements in L. The elements in the code are equidistant in the metric dist(V 1 , V 2 ) of (1) of Section 1.1. Let V 1 , V 2 ∈ C B be vector spaces with V 1 = V 2 . 
